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Generally Covariant Schrödinger Equation
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Schrödinger equation in Newton–Cartan space–time can be obtained from Einstein
equivalence principle, that is firstly one should obtain generally covariant Schr¨odinger’s
equation in Galilean space–time (using generally covariant Hamilton–Jacobi formalism
and Schr¨odinger’s Ansatz, as was previously shown) and get Schr¨odinger’s equation
in Newton–Cartan space–time with the help of equivalence principle. The equation
possesses a gauge freedomf connected with phase transformation of the wave function.
But absolute elements of the space–time possess a symmetry group and they depend
on f . So, a natural problem arises: to find the gaugef in which absolute elements
becomeinvariant with respect to the group. In the paper the gaugef is found with
the help of space–time properties, that is transformation rule of the wave function is
obtained from the space–time structure (in Newton–Cartan space–time). The special
form of f is found in the case when the space–time as a whole possesses a symmetry.

1. INTRODUCTION

Quantum mechanics in the gravity field is one of the most important problem
in physics. Moreover, there has been great interest in the quantum mechanics in
Newton–Cartan space–time of late; see for example Penrose (1997), L¨ammerzahl
(1996), and Kasevich and Chu (1991).

The paper is an direct continuation of Wawrzycki (2001) where the generally
covariant Schr¨odinger equation was obtained in Newton–Cartan space–time. The
equation possesses a gauge freedomf that transforms the phase of the wave
function. In the case of the flat space–time this additional degree of freedom was
uniquely eliminated by space–time symmetries. This means that transformation
properties of the wave function follow from space–time properties, see Wawrzycki
(2001).

It is shown in this paper how the phasef is established by space–time prop-
erties when gravity field is present. Newton–Cartan space–time as a whole does
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not possess any symmetry (in general case) and one would expect the problem
to be much more difficult than in flat space–time. Moreover, one could suppose
that the problem in curved space–time is not well defined. But the Newton–Cartan
space–time possesses absolute elements in addition to dynamical ones (contrary
to Theory of General Relativity). The absolute elements have a symmetry group.
They enter the Schr¨odinger equation and depend onf , so a natural problem arises:
to find explicit form of f , which brings the absolute elements into the form
invariant with respect to the symmetry group. This is enough to establishf in
the manner analogous to that used in the Galilean space–time.

In other words the Schr¨odinger equation follows from the equivalence prin-
ciple and its form in the privileged coordinates is

i h ∂t9 = − h2

2m
E∇29 +mϕ9 (1)

with the inertial mass equal to the gravitational one, whereϕ denotes Newtonian
potential fulfilling Laplace’s equation.

The paper is organized as follows. In section 2 absolute and dynamical ob-
jects of Newton–Cartan space–time are described. In section 3 gauge freedom is
eliminated by symmetry of absolute objects. In section 4 space–time with an ad-
ditional symmetry is considered. In section 5 Schr¨odinger equation in privileged
coordinate system is obtained.

2. ABSOLUTE AND DYNAMICAL OBJECTS
OF NEWTON–CARTAN SPACE–TIME

Three independent objects describe Newton–Cartan space–time: the connec-
tion 0σµv, the gradient of absolute timetµ, and contravariant tensor fieldgµv.

They fulfil the following postulates (after Trautman, 1963):

I. Affine connection is torsion-free,0µ[vρ] = 0.
II. Rµµρσ = 0.

III. There exist three linearly independent vector fieldsξ
µ

i , such that

ξ
µ

i tµ = 0, ∇vξ
µ

i = 0,

wherei = 1, 2, 3. This is equivalent to

t [λR
µ

v]ρσ = 0.

IV. Curvature tensor is such that

Rµλvσ = Rλµσv , where Rµλvσ = gλρRµvρσ .

V. ∇λgµv = 0.
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VI. The rank ofgµv is equal to three and

gµvtµ = 0.

VII. The space–time curves of a free-falling particles are geodesics of0µvρ .
VIII. Equations of the gravity field in the vacuum are

Rµv = 0,

whereRµv = Rλµvλ is the Ricci tensor.

It can be shown that

∇vtµ = 0 (2)

for the gradient of the absolute timet .
From I, II, and III it follows that (Trautman, 1963)

Rµvρσ = 2tvϕ
µ

[ρ tσ ] ,

where

ϕµρ = ∇ρϕµ and ϕµtµ = 0. (3)

The following substitutions do not change the value of the curvature tensor

ϕµ→ ϕµ + ai ξ
µ

i , (4)

whereai = ai (t) are three arbitrary functions of time. Connection can be written
in the following form

0µvρ = 0
◦
µ
vρ + ϕµtvtρ , (5)

where0
◦
µ
vρ is an integrable connection, that isR

◦
µ
vρσ = 0. From IV follows that

ϕµ = gµv ∂vϕ.

Field equations VIII have the form

gµv∇µ∇vϕ = 0 or gµv ∇
◦

µ ∇
◦

vϕ = 0, (6)

where∇◦ µ is the covariant derivative with respect to0
◦
µ
vρ . From (6) follows thatϕ

is determined up to an arbitrary function of time. Because of (3) and (5), V and
(2) can be written in the form

∇
◦

µtv = 0 and ∇
◦

µgvρ = 0. (7)

So,ϕ is the only dynamical object. Among the quantitiestµ, gµv, and0µvρ only
the connection is dynamical. With the help of the connection, however, covariant
tensorgµv and contravariant vectoruµ (first introduced by Da˘utcourt, 1990, see
also Wawrzycki, 2001) can be defined.gµv fulfils

gλvgvβgβµ = gλµ.
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Lagrange function of a free-falling particle (motion of which is described by a
curvexµ (τ ), whereτ is an parameter along the curve not necessarily equal to the
absolute time) is

L = m

2

gµvxµ· xv·
tσ xσ· , (8)

where the full-parameter derivative is marked by dot. Lagrange function is deter-
mined up to full-parameter derivative andgµv is determined up to gauge transfor-
mation

gµv → gµv + tµ ∂v f + tv∂µ f. (9)

uµ is defined in the following way

gµvgvσ = δσµ − uσ tµ,

uµtµ = 1,
(10)

up to the gauge transformation

uµ→ uµ − gµv ∂v f. (11)

Lagrange–Euler equations of the Lagrange function (8) give

0µvρ = uµ∂vtρ + 1

2
gµσ {∂vgρσ + ∂ρgvσ − ∂σgvρ}. (12)

Conversely, (10) and (12) up to the gauge determine covariantg and contravari-
ant u, so, they completely replace the affine connection. Formula (12) is gauge
independent. Instead of I, II, III, and IV covariantg and contravariantu can be
introduced with the help of the formula (10) and (12).

From I, II, and III it follows that there exists agaugein which covariantg
can be decomposed into two parts

gµv = g
◦
µv − 2ϕtµtv, (13)

where8 = gµvuµuv = −2ϕ. From this decomposition follows thatg◦µvuµ = 0.
After direct calculation one getsR

◦
µ
vρσ = 0 and the connection

0
◦
µ
vρ = uµ ∂vtρ + 1

2
gµσ {∂vg

◦
ρσ + ∂ρg

◦
vσ − ∂σg

◦
tρ}

is integrable and∇◦ ρg◦µv = 0. Contravariantu defined by (10) does not depend
on ϕ and is an absolute object of space–time as well asg◦µv. In section 3 the
gaugementioned earlier will be found (the explicit form of the phasef connected
with a coordinate transformation) with the help of symmetry of absolute objects
(axioms I, II, III, and IV will not be used).
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3. TRANSFORMATION RULE OF THE WAVE FUNCTION

Generally covariant Schr¨odinger equation in Newton–Cartan space–time has
the form (Wawrzycki, 2001)

i huµ ∂µ9 = h2

2m
gµv∇µ∇v9 − m

2
gµvuµuv9 − i h

2
∇µuµ9. (14)

The equation may be found with the help of Schr¨odinger’s Ansatz using the co-
variant Hamilton–Jacobi equation, which has the form (see Wawrzycki, 2001)

uµ ∂µS+ 1

2m
gµv ∂µS∂v S− m

2
gµvuµuv = 0. (15)

Equation (14) follows from the variational principle

δ

(∫
3v d4x

)
= 0,

wherev is theinvariant measure(scalar density of weight+1) of Newton–Cartan
space–time, which is equal

v =
√

det(gµv + (1− gαβuαuβ)tµtv) (16)

and3 is a scalar

3 = i h

2
uµ(9∗∇µ9 −9∇µ9∗)− h2

2m
gµv∇µ9∇v9

∗ + m

2
gµvuµuv99∗, (17)

such that3v is the Lagrange density of the Schr¨odinger equation.
Equations (14) and (15) are covariant with respect to coordinate transforma-

tions and gauge transformations (9) and (11), where the gauge transformsS and
9 in the following way

S→ S+m f and 9 → e
im
h f
9.

(16) and (17) are gauge independent of course.
One can combine gauge transformation and coordinate transformation. In

the case of the flat space–time there exists a combination that bringsgµv anduµ

into the forminvariant with respect to Galilean transformations (see Wawrzycki,
2001). This establishesf . Namely, they have the transformation rule

gµv → ∂xµ

∂xµ′
∂xv

∂xv′ (gµv + tµ∂v f + tv∂µ f )
(18)

uµ → ∂xµ
′

∂xµ
(uµ − gµv ∂v f )
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where the coordinate transformationxµ→ xµ
′

(this will be denoted by (µ) →
(µ′)) is combined with appropriate gauge transformationf .

Consider now the point transformation (not coordinate transformation) con-
nected with the above coordinate transformation in such a way thatcoordinate
system(µ) is dragged along of the coordinate system(µ′) by the point trans-
formation, see Schouten (1951). That is, each point has the same coordinates
with respect to (µ) as its image (by the point transformation) has with respect
to (µ′).

Now, let some fieldS (eventual indices are omitted) be given. LetŜ be a
second field, whose components with respect to (µ′) are equal to the components
of the first fieldS in the corresponding point (with respect to (µ)). If then S= Ŝ,
the fieldS is calledinvariant for the point transformation.

Substitutinggµv anduµ for Swith their transformation laws (18) one gets

−δ̄δxλgµv = ∂µ(δxρ)gρv + ∂v(δxρ)gµρ + δxρ∂ρgµv

= tµ∂v f (δx)+ tv∂µ f (δx) (19)

δ̄δxλu
µ = ∂v(δxµ)uv − δxv∂vuµ = gµv∂v f (δx),

where infinitesimal point transformationxµ→ xµ + δxµ was substituted. So, (19)
areinvariance conditionsof covariantg and contravariantu for a point transfor-
mationδxµ.

In the case of the flat space–time (19) are fulfilled if and only ifδx is a space–
time symmetry (an element of the inhomogeneous Galilei group) andf is equal
to galilean phase(see Wawrzycki, 2001).

Consider now the Newton–Cartan space–time. One has the following
theorems

Theorem 1. The rigid nonrotating motionsδxµ = d Ri ξ
µ

i =
·
Ri ξ

µ

i dt (see
section2 postulateIII for definition ofξµi , where Ri are arbitrary functions of
time, dot denotes time derivative) and time translations compose symmetry group
of absolute elements, i.e. rigid nonrotating motionsδx are the only transforma-
tions, which fulfil

A. δ̄
δx

gµv = 0.

B. δ̄
δx

tµ = 0.

C. δ̄
δx

uµ = gµv ∂v f (δx). (Obviously all rigid time-dependent motionsδx ful-
fil A and B. C eliminates time-dependent rotations. FromA, B, C, and
(10) one gets D (follows from (19), but not conversely).)

D. −δ̄
δx

gµv = tµ ∂v f (δx)+ tv ∂µ f (δx)− δ̄
δx

gαβuαuβ tµtv − 2uα ∂α f (δx)tµtv.
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Theorem 2. C andD determinates

a. uµ uniquely,
b. the phase f up to an arbitrary function of timēf (t):

f → f ′ = f + f̄ ,

c. gµv up to an arbitrary function of time f
=

(t):

gµv → g′µv = gµv + tµ ∂v f
= + tv ∂µ f

= = gµv + 2 f
=·
(t)tµtv,

where dot denotes time derivative.

One can check it directly by substitutingg′µv, f ′, andu′µ to C and D (of course
uµ→ u′µ = uµ − gµv ∂v f

=
).

Theorem 3. Solution ofC andD is as follows

a. gµv = g◦µv − 2ϕtµtv mentioned in section2, where

2ϕ = −gµvuµuv ≡ −η, ∇
◦

ρg
◦
µv = 0, g

◦
µvuµ = 0, and

gµv∇µ∇vϕ = 0;

b. uµ is such that∇µuv = gvρ ∂ρϕtµ;
c. gradient of the phase of the transformationδx is equal

∂µ f [ p] = −gµλυ
λ + 1

2
gαλυ

αυλtµ − tµ

×
∫

C[ p◦, p]

uv∇vυ
αgαλ dxλ + f̄

·
(t)tµ, (20)

whereδxµ = R
q
i (t)ξµi dt = υµ dt, so, υµ is the tangent vector field of the integral

curves of point transformationδxµ understood as a one-parameter congruence
(one-parameter group) with time t as the parameter, C[ p◦, p] is a contour with
end-points in p◦ and p.

The integral in the formula for gradient off determinates some function of
end-pointp up to a function of time depending on the choice of the contourC.
But f is determined only up to any function of time and there is no problem which
would be connected with the multivaluedness property of the integral. One can
check the result directly. Calculations are long but essentially simple.

Because ofTheorem 2 there do not exist any other solutions than that pre-
sented inTheorem 3. Equation (20) gives the phase of therigid non-rotating
time-dependent transformation.But because C and D define all possiblegµv and
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uµs, which differ from each other by a gauge transformationsf determined
by (20), (20) defines phase of any transformation (xv, uµ)→ (xv′ , u′µ

′
) with

υµ = uµ − u′µ.
From C and D follows thatg◦µv is invariant (in the geometrical sense

mentioned earlier) for any rigid time-dependent transformationδx. We shall find
invariance condition of that object. Firstly, one should find its gauge transfor-
mation, then combining it with coordinate transformation (like in (18)) one gets
transformation rule

g
◦
µv → g

◦ ′
µ′v′ =

∂xµ

∂xµ′
∂xv

∂xv′ (g
◦
µv + tµ ∂v f + tv ∂µ f

− {2uα ∂α f − gαβ ∂α f ∂β f }tµtv) (18′)

Inserting to invariance definition (with the transformation rule in mind) one gets
invariance condition

D′· − δ̄δx g
◦
µv = tµ ∂v f (δx)+ tv ∂µ f (δx)− 2uα ∂α f (δx)tµtv.

D′ follows from C and D as has been remarked earlier (in consequence from A,
B, and C). Indeed, from the fact that

δ̄
δx

(−2ϕ) = δ̄
δx
η = δ̄

δx
(gµvuµuv) = δ̄

δx
gµvuµuv

and from D one gets D′· In the analogous way one can obtain invariance condition
of the potentialϕ, or equivalentlyη,

E· δ̄
δx

(η) = −2uµ ∂µ f (δx)

but in this case Eis completely independent ofA, B, and C (which is obvious,
because the Newton–Cartan space–time is not flat in general). Condition E is
fulfilled if and only if space–time is flat. This is an immediate consequence of
equivalence of invariance condition (19) for covariantg and condition E this
equivalence can be easily seen if one takes into account D (see also discussion in
section 4).

C and D are generally covariant with respect to (18) withf determined by
(20) as well asD′ is with respect to (18′). Moreover contravariantu and covariant
g◦ are invariant with respect to time translations, space translations (this is evident,
because space translation is a special case of rigid motion), and rotations. All
invariance conditions are of the form C and D, and all of them are generally
covariant. A comment should be given concerning this fact. The phasef (δx) of a
transformationδx depends on its velocityυ and acceleration. When the velocity
of the considered transformationδx is equal to zero then its phasef (δx) is equal
to zero. On the other hand for any realization ofstatic symmetry(translation or
rotation) one can always choose a frame of reference in which velocity and phase of
the transformation is zero. Invariance conditions forstatic symmetryare simplified
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in this frame and their right hand sides are equal to zero (and do not depend
on f explicitly). But the samesymmetryhasnonzero velocity in other frames of
reference.So, the terms on the right hand sides of invariance conditions depending
on f cannot be omitted even when the symmetry is static.

As an example consider rotation invariance condition C ofu in Galilean
space–time in inertial reference frames (µ) and (µ′) connected by a Galilean trans-
formation (µ)→(µ′). Infinitesimal rotation δx in (µ) and (µ′) is of the
form

(δxµ) =
(

0
ε j

i xi

)
and (δxµ

′
) =

(
0

ε j ′
i ′xi ′ − ε j ′

i ′Vi ′ t

)
respectively, whereVi is the velocity of the transformation (µ)→ (µ′) andεi j =
−ε j i . So, the velocityυ of the rotationδx in (µ) and (µ′) is equal

υµ = 0 and (υµ
′
) =

(
0

−ε j ′
i ′Vi ′

)
respectively, andf = 0 in (µ) and f 6= 0 in (µ′), and C is fulfilled in (µ) and (µ′).

4. SPACE–TIMES WITH A SYMMETRY ξµ

It would seem that the meaning of the wordssymmetry ofϕ with respect
to the transformation determined by integral curves ofξµ andconstancy of the
potentialϕ along those curvesis the same. But this is not exactly the same. The
reason lies in the fact that potential is not a scalar (or equivalently, covariantg with
their transformation rule (18) does not compose any tensorial quantity). Even for
a tensor density the meaning is not the same.

If the potentialϕ is constant along a family of integral curves of a given
vector fieldξµ, then

δ̄
ξ
ϕ = 0 or equivalently δ̄

ξ
η = 0. (21)

On the other hand invariance condition of the potential (or equivalentlyη) has the
form Enot equivalentto (21).

Let us suppose that space–time possesses a symmetryξ (any symmetrystatic
or not). Consider infinitesimal symmetry transformationδξ that can be decom-
posed into static part (with the subscript zero) anddynamic(with nonzero velocity)

δξµ = ξµ◦ dτ + υµ dυ,

wheredτ is the parameter ofstatic transformation anddυ is the parameter of
dynamic transformation. The parameters are independent and even when the trans-
formationδξ is staticdynamicalpart cannot be eliminated, i.e. there always exists
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reference frame in whichdynamicalpart is not equal to zero (see discussion at the
end of preceding paragraph). A rigid non-rotating time-dependent transformation
can be considered as adynamicalpart.

Becauseη (equivalently potentialϕ) is invariant, forδξ the field dragged
along of the fieldη is equal toη. The componentη′draggof the field dragged along
at x + δξ with respect to (µ′) is equal to the componentη in (µ) at x

η′dragg(x
µ + δξµ) = η(xµ),

which is equivalent to

η′dragg(x
µ) = η(xµ − δξµ),

where (µ′) is the coordinate system dragged along by the point transformation
δξ . One must compute component of dragged field in (µ) at x and then compare
it with the component of initial field in the same frame (µ) at the same pointx.
Because of the transformation rule

η′ = η + 2uµ ∂µ f (υα dυ),

one has

η′dragg(x)− η(x) = −2uµ ∂µ f (υα)dυ − dτξµ◦ ∂µη − dυυµ ∂µη

= −dυ2
∫

C[ p◦, p]

uv∇vυ
αgαβ dxβ − dτξµ◦ ∂µη − dυυµ ∂µη = 0.

This is equivalent to E withδx = δξ . But this can be fulfilled if and only if

δ̄
ξ◦
η = 0

and

δ̄
υ
η = −2uµ ∂µ f (υ) = −2

∫
uv∇vυ

αgαλ dxλ

because the parametersτ andυ are independent. The second equation is nothing
else than invariance condition ofη for any rigid time-dependent nonrotating motion
υ. So, from the invariance ofη (equivalentlyϕ) with respect to any transforma-
tion ξ (translation or rotation) follows its invariance for any rigid time-dependent
nonrotating motionυ. Inserting a motionυ with constant velocity to the last equa-
tion one can see thatη is constant along symultaneity hyperplane, i.e. space–time
must be flat.ConditionE is a very strong condition and can be fulfilled in the flat
space–time only.

But one can consider a situation in whichη (potentialϕ) is constant along a
given fieldξ in any coordinate system, which means that (21) is fulfilled in any
reference frame. This imposes a condition on the possible form of the phasef
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because transformations rule ofη (orϕ) depends onf . (21) can be fulfilled in any
coordinate system if and only if

uµ δ̄
ξ
∂µ f − gµv δ̄

ξ
∂µ f ∂v f = 0. (22)

Assume the space–time is static (i.e., possesses a time-like symmetryξ ).
From A, B, and C withδx = δξ follows that

ξµtµ = 0 and ∇µξν = tµgvλ ∂λϕ.

Inserting (20) to (22) one gets

f̄
·
(t) =

∫
C[ p◦, p]

uρ∇ρυαgαλξ
λtv dxv and ∇µ∇vυ

α = 0.

One must be very careful with differentiation of the integral term in (20), because
the integral depends on the choice of the integration contourC[ p◦, p]. So, if the
space–time is static orϕ is constant along the integral curves of the time-like field
ξ in any reference frame, then

∂µ f (t) = −gµλυ
λ + 1

2
gαβυ

αυβ tµ − tµ

∫
C[ p◦, p]

uρ∇ρυαgαv dxv

+ tµ

∫
C[ p◦, p]

uρ∇ρυαgαλξ
λtv dxv + η◦tµ,

where ∇µ∇vυ
α = ∇µ∇v ( R

q
i (t)ξαi ) = R
q q q

i (t)ξαi tµtv = 0, soR
q q q

i = 0 andη◦ is an
arbitrary constant.

If in addition the space–time is invariant under the action of the rotation group
then∇µυα = 0 in the formula given earlier.

5. SCHRÖDINGER EQUATION IN A PRIVILEGED
COORDINATE SYSTEM

From A, B, and VI follows that there exist a privileged coordinate system in
which

(gµv) =


0 0

1
1

0 1

 , (tµ) = (1, 0, 0, 0).
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Solving C and D in the coordinate system one gets

(uµ) =


1
0
0
0

 and (gµv) =


−2ϕ 0

1
1

0 1

 ,

where VIII gives

E∇2ϕ = 0.

Inserting this to (14) one gets Schr¨odinger equation in the privileged frame

i h ∂t9 = − h2

2m
E∇29 +mϕ9. (23)

As an example consider the time-dependent acceleration alongx-axis (for
simplicity)

x→ x + R(t),

in the privileged frame. Inserting the transformation to (20) one gets

df= −R
q
dx+ 1

2
R
q
2 dt − R
q q
x dt+ f̄

·
(t) dt,

and after simple integration

f (t, x) = −R
q
x + 1

2

∫ t

0
R
q
2 dt + f̄ (t). (24)

Formula (24) is well known and was obtained by Kuchaˇr (1980), but in a rather
arbitrary way. In the exceptional case when the acceleration is time-independent
andR(t) = 1

2at2, wherea = R
q q = constant

f = −atx+ 1

6
a2t3+ f̄ (t).

If the space–time is static

f = −atx+ 1

6
a2t3+ η◦t + const. (25)

η◦ is an arbitrary constant calledinternal energythat cannot be derived from
the invariance conditions even in the flat Galilean space–time, see L´evy-Leblond
(1963), or Wawrzycki (N.D.). Formula (25) is also known, see for example Colella
et al. (1975).
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